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Abstract. The § matrix problem for the Yukawa potential is studied. The radial
Schrédinger equation is Laplace transformed into a retarded ordinary differential equa-
tion (RODE). As a consequence of an asymptotic treatment it is shown that S; is related
exactly to the values of the transformed function at / + 1 points on the complex plane. The
treatment of the RODE by means of a convergent numerical scheme permits an estimate of
S to any order of precision.

1. Introduction

For the Yukawa potential scattering problem it is known that the bounded solution of
the pertinent Schrddinger equation:

d*u(r) exp(—r/a)__l(l + 1))
dr’ r r’

+(k2+/\ u(r)=0, r>0, 1.1)

has the asymptotic property:
u(r)= A sin(kr —3lmr + 8,)+0(1) for r » 4+, (1.2)

Here S;=exp(2id;) is usually referred to as the ‘S matrix’ and 8; as the ‘phase shift’
(Newton 1966). In the literature (Hulthén 1944, Gerjouy and Saxon 1954, Mower
1955, Swan 1960a, b, Wojtczak 1963) approximate methods and numerical schemes
have appeared which concern the evaluation of the phase shifts or of related quan-
tities. In this paper we present an exact procedure for the computation of S, and §;:
more precisely, with the help of a Laplace transform procedure we construct a
numerical scheme (with step size h) which is convergent to S, for # >0 for each
choice of k, A, a, ! (with k>0,A >0, a >0,/ non-negative integer). Our treatment
hinges on the fundamental properties which connect the behaviour of a function y(¢)
for ¢ » +00 with the behaviour of its Laplace transform,

$(5)=LLy(©) = j exp(~s£)y(¢) dé,

in the neighbourhood of its rightmost complex-plane singularities. Appendix 1 is
devoted—following Doetsch (1955)—to a precise formulation of these properties.
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Martin (1959, 1960) has employed the Laplace transform procedure to study the
analyticity properties of S; as a function of k. However, as far as we know, integral
transform methods have not been applied to the problem of the actual evaluation of
the S matrix for the Yukawa potential. As a matter of fact, in the extensive literature
which concerns quantum mechanical problems and the Schriodinger equation, the
integral transform method has not been used with great frequency. This is remarkable
since the technique provides reliable and reasonably simple computational proce-
durest. It has been recommended and employed by Schrddinger himself in his first
paper on wave mechanics$. In the late 1940s the integral transform method has been
applied to several problems in quantum mechanics by Kallmann and Pisler (1949a, b,
1950, and references quoted therein). Finally Doetsch has reconsidered the relevant
case of the hydrogen atom in his landmark Handbuch (Doetsch 1955, §§ 7.3 and
15.3).

As coauthor of a recent paper (Paiano and Picca 1975) one of us has employed a
Laplace transform procedure to treat the S matrix problem for the exponential and
the Yukawa potentials in s-partial wave (I =0). The present paper treats the case of
the Yukawa potentitial for integer / =0. We wish to mention that Paiano and Piccceca
(1975) study the asymptotic behaviour of the wavefunction for r» +o0 by an appro-
priate deformation on the complex plane of the integration path for the inverse
transformation. In the present paper simpler results are obtained explicitly by exploit-
ing a connection theorem (from Doetsch 1955) between the asymptotic behaviours.
The theorem is quoted in appendix 1. In agreement with recommendations by
Doetsch (1955, Lit. hist. Nachweise Nos 68, 172, 175, 176) we have made an effort
not to rely simply on a formal (heuristic) analysis but rather to establish our asymp-
totic results on the basis of a rigorous treatment. Unfortunately this has required a
somewhat cumbersome procedure. However the detailed treatment presented here—
aside from being the required mathematical justification for the results that concern
the Yukawa potential—will also be employed in future work for the treatment of
problems involving other choices of the potential (such as, e.g., the case of the
superposition of exponential and Yukawa potentials).

The contents of the paper are organised as follows. In § 2 the S matrix problem is
formulated. After a change of variables and after Laplace transforming, a difference-
differential equation on the half-plane {Re(s)>0} is obtained which in turn is
equivalent to a Voiterra integral equation. After an analytical continuation of §(s)=
°?[{““)u (£)] (where £ =r/a) on the strip {—1 <Re(s)=<0} the behaviour of j in the
neighbourhood of its rightmost singular points, s =iko, s = —iky (wWhere ko=ka) is
studied and the pertinent parameters are examined: it is shown that they are related to
a linear combination of § and its first [ derivatives evaluated at iky+ 1; in turn these
quantities can be expressed as linear combinations of y(iko+ 1), ¥(iko+2)... §(iko+
I+1). Then theorem 2 of appendix 1 can be applied to evaluate the S matrix. In § 3
the problem of the calculation of §(iko+R)R =1,2,...,/+1)is then tackled. We
T ‘Bei der Anwendung der ¥-Traaransformation auf Differentialgleichungen erhilt man oft ¥-Trans-
formierte, deren Originalfunktionen F(t) nicht bekannt, d.h. nicht durch klassische Funktionen darstellbar
sind. In solchen Féllen ist die asymptotische Entwicklung oft das einzige Mittel, um iiberhaupt etwas iiber F(1)
aussagen zu konnen (Doetsch 1955, p. 172).

t ‘Die Integraldarstellung gestattet nicht nur, das asymptotische Verhalten der Gesamtheit von Lisungen,
wenn r in bestimmter Weise ins Unendliche geht, zu iiberlicken, sondern auch, dieses Verhalten fiir eine
bestimmte Lisung anzugeben, was immer viel schwieriger ist’ (Schrédinger 1926, reprinted in Schrodinger

1928, 1963).
Here Schrodinger indicates with ‘Integraldarstellung’ the inverse transformation integral.
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find that y obeys a retarded o:dinary differential equation for which, after an appro-
priate change of variables, the numerical procedure of Feldstein (1964) can be applied
(the same procedure has been applied by Paiano and Picca 1975). In § 4 the results
are summarised and a comparison is made between the ‘exact’ values for phase shifts
and cross sections and the corresponding estimates which have appeared in the
literature. As we mentioned appendix 1 is devoted to a summary of the pertinent
results from the asymptotic theory of the Laplace transformation. Appendix 2 sum-
marises Feldstein’s treatment, which is still unpublished.

2. The analytical treatment

2.1. Problem statement

After the change of variables £ =r/a, ko=ka,Ap=Aa and y = f"(”“u, we can formu-
late the Yukawa potential problem (equations (1.1), (1.2) above) as follows: seek a
function y such that

2

(fc—;j?+2(1+l)adg+k§§+/\oe‘5>y(£)=0, £e(0,+0)  (2.1a)
y € C((0, +o0), R) (2.1b)
sup{|¢" "y (¢)]: £ € (0, )} < +00 @.1¢)
y(0")=y’eR~{o}. (2.1d)

The following proposition summarises well known results (Newton 1966, §11.1, Olver
1974, chap. 12, § 6.1, Coppel 1965).

Proposition 1. For assigned values of Ao, ko, y°, 1 (With Aq>0; ko>0; y°e R—{o}; /
non-negative integer) problem 1 admits the unique solution

u(§)=y°R§;0 age® '™, £¢(0, +0), (2.2)
where
ap=1 (2.3a)
ar=—(FR+1+ )Y Broas Re{l,2..} (2.3b)
i=0
provided
Fm)=nn-1)-I(+1), (2.4a)
k3 +hoexp(-6)- 10+ 1)= § pag™, €0, +) (2.4b)

The series which appear on the right-hand sides of equations (2.2) and (2.45) have
unbounded radii of convergence. Moreover, on the set [0, 7)x (R—{0}) there is an
unique pair (8, A) such that, if we let

Ueo(€)=3A[explilkot + 8 — (I + 1) |} + exp{—i[ko& + 8 — (I + 1) ]}]
= A sin(ko& + 8, — 3im), (2.5)
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then
Y€)= € P unle)+ o1, for £ » +20, (2.60)
_i L0 e—(1+D) _d_ >
G O=r (U@ o), forgo e, (2.65)
a2 . &
Y ©=y " "(agum(f)m(l)), for £ +o. (2.6¢)

Here A, &, may depend on Ao, ko, /; but they are independent of £ and y°. Finally,
positive parameters K, K1, K exist such that

ly°|Ko = sup{ly(£)|: € € (0, +e0)} < +00, (2.7a)
Iy°|K; = sup{ldy/d¢|: & € (0, +0)} < +00, (2.7b)
[y°|K = sup{|d®y/dé&?|: ¢ € (0, +o0)} < +00, (2.7¢)

The main purpose of this paper is the evaluation of the ‘S matrix’, i.e.
S; = exp(2i6;) (2.8)

as a function of kg, Ao, /. We shall also provide an estimate for the ‘error term’,
y(f)—g"(“”uw(f), as ¢£-+00. Remembering that the parameters A, 5, to be
computed are y° independent, we find it convenient to let

yo==1/(21+1). 2.9)

2.2. The Laplace transformed problem

On account of equations (2.5), (2.1a), (2.7a), (2.6a) we can claim that the Laplace
integral

y‘(s)=$[y(§)1=jo exp(~s€)y (€) dé (2.10)

converges absolutely to an analytic function for Re(s)>0; does not exist for Re(s)< 0.
since y is real valued, the reflection principle

FE)=7(s), Re(s)>0, (2.11)

holds (here a bar denotes complex conjugation). Moreover, on account of equations
(2.1b), (2.1d), (2.7a) and (2.7b), integrating by parts we find

PO IRR PR § <rof 1 K1 -
i<y’ || oo @ <bl(145),  Rey=p>0.  (12)
Finally, integrating by parts and making use of equation (2.1d), (2.7), we find:
d .
af{d—éy(f)] =s§(s)~»", Re(s)>0;

.sf[g—d—z- (g)]=—2s‘(s)—s2-‘i‘(s)+ %  Re(s)>0;
d.fzy y dsy y, 5

LAey @Ol = -5 5(6), Re(s)>0;
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ZLlexp(—€)y(€)=9(s+1), Re(s)>-1.

Then we can claim that the Laplace transform (2.10) of the unique solution y of
equations (2.1), (2.9) is a solution of the problem

((s2+k§):—s—zls)y‘(s)=1+,\0y‘(s+1), Re(s)>0, (2.13a)
VB>0: $(s)=0(s"), for|s|-dz+, uniformly on {Re(s)= B} (2.13b)
7(s) analytic on {Re(s)> 0} (2.13¢)

where (2.13b)is a consequence of equation (2.12). For the time being we do not claim
that § = %[y] is the unique solution of problem (2.13). Now we observe that equation
(2.13a) can be written in the equivalent forms

d §(s) _1+Aef(s+1)

ds = , Re(s)>0, 2.14
ds (k) kYT e(s) (2.14)
and
Jy+iw)  Fly+l+ie) —J—vﬂ 1+)\0}7(T+1+iw)d7 2.15)
[(y+iw)+k3) [(v+1+iw)+ka] ), [(r+iw)l+k3™ -

with y € (0, +00) and w € R.
Moreover we observe that if we let

oo 4R

DRy(s)=-d—s§y(s), Re{0,1,2,..}, (2.16)

then the difference-differential equation (2.13a) yields
1+2s9(s)+Aoy(s+1
Dlj(s)= 1289 (ss2)+ ;‘é’y 6D Re@s)>o0, 2.17a)
Dj(s)= [2s(/—=R+1)D* '+ (R -1)2I-R +2)DR?]§(s)+AD* '9(s + 1)
y sz+k(2)
Re(s)>0,Re{2,3,...}, (2.17b)

so that, as a consequence of equation (2.135),
D®5(s)=0("*™), for |s| > +o0 on {Re(s)=8}. 2.17¢)

Finally we find that any function y which satisfies equations (2.13) is a solution of the
Volterra problem

Py +iw) ___J'wo 1+A7(r+1+iw)
[(y+1w)2+k3]’ - L [(T+iw)2+k3]f+l dT’ ‘yE(O, +w)’w€R9 (218a)

+a0
J |9 (r +iw)* dr < + 0, v € (0, +), w € R. (2.18b)
5

Since the kernel in (2.18a) is of class L?, a classical result (Courant and Hilbert 1953,
chap. 3, § 9, Pogorzelski 1966, chap. 2, §§ 1 and 6) guarantees that (2.18a) admits an
unique solution of class (2.185). Since uniqueness for problem (2.18) implies
uniqueness for problem (2.13) we can claim the following proposition.
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Proposition 2. The Laplace transform j of the unique solution of equation (2.1), (2.9)
is the unique solution of equations (2.13) on the half-plane {Re(s)> 0},

In § 3 we shall actually employ equation (2.14) to evaluate §. In this section we are
interested in establishing a connection between the behaviour of y for £ >0 and the
behaviour of § on the neighbourhood of its rightmost singularities. The treatment
which follows is related to theorem 2 of appendix 1. Actually the use of theorem 1
would be much simpler. However, for our problem assumption (A.4) would require
an ‘error’ of order O(exp(—e¢)) with € > 0, whereas result (2.6a }—which is taken from
the literature—exhibits an ‘error’ estimate of order O(¢'™') which is not sharp
enough.

2.3. The analytic continuation of § and its asymptotic behaviour for s »iky and s -
—iko

The following pertinent result is a direct consequence of the properties of poles for
analytic functions.

Proposition 3. The function 6= (s*+k5) “"P(1+Ae7(s+1)) admits the Laurent
expansions

e o)

8(s)= Y crls—iko)X Y, onC,={seC:0<|s—iko| < b},
8(s)= Y Crls+iko) !*", on C-={seC: 0<|s+iko|< b},
R=0

where b = min{1, 2k,} and

= . d\R 1+Ap9(s+1)
‘R=R1 sl-l-ﬁ]o(ds> (s +iko) ™! (2.19)
Then, as a consequence of equation (2.14) we can claim m that
d 96s) ey o )
ds (s2+kg)l—0(s)" (5 1k0) RZ=OCR(S lko) y on W+—C+ﬁ{Re(s)>0}_

Imis)

lko\
Rels)

r 7z

%-nk

Figure 1. Complex plane analysis of the function §. For the analytically continued
function ¥, T', and T'_ are branch cuts and the points iko, iko—1, iko—~2, . . ., —iko, —iko—
1,... are the branch points. The radius b of the open circles C. and C. is the smallest
number among 2k, and 1. The expansions (2.25) hold on C.-T', and C_~T_ respectively.
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Hence term-by-term integration yields the representation

$(s)=(s+iko) Y wa(s—iko)® +(s*+k3) e, In(s —iko)
R=0

= (s +iko)' Y wr(s —iko)® + ¢ In(s —iko)
R=0

Lol
x Yy ( )(Ziko)"”(s —iko)™, se W, (2.20a)
v=0 \V
where wr =cg/{R —!) (for R #1); where w, is an appropriate complex parameter; and
where we require In(p)e R for p >0. Moreover, the symmetric result

F(s)= (s —iko) ¥ Wwr(s +iko)® + (s> +k3) & In(s +iko)
R=0

o i
=(s—iko) ¥ wr(s+iko)® +& In(s +iko) ¥ (:) (=2iko) ¥ (s +iko) ™
R=0 v=0

(2.20b)
is also valid, for s € W_ = C_n{Re(s)>0}. On account of equation (2.19), equations
(2.20) establish a connection between the properties of 7 in the neighbourhood of the
singularities iko, —iko and its behaviour in the neighbourhood of the regular points
iko+1, —iko+1. Moreover on the right-hand sides of equations (2.20) a regular
contribution (which admits a power series representation) and a singular logarithmic
contribution can be identified; then a comparison of equations (2.20) with equation
(A.1) shows that in the neighbourhood of iko, —iko, § admits an asymptotic represen-
tation of class (A.3) with j=2 provided Re(s)>0. Now we consider an analytic
continuation of j on the imaginary axis and on the left half-plane. The presence of the
logarithmic term in equations (2.20) suggests that branch cuts should be introduced
before attempting the continuation. It is convenient to select the symmetric cuts

. ={seC: Im(s)=+koand Re(s) =<0},
I'-={seC:Im(s)=—koand Re(s)<0}.

Now we claim the following proposition.

Proposition 4. Let

S;={seC:-1<Re(s)=0}-(T,ul.)={seC: ~1 <Re(s)=<0and |Im(s)| # ko}.

Then continuation of ¥ on S; obeys equations (2.11), (2.13a), (2.14), (2.15), (2.17) on
S;u{Re(s)>0} and it admits representation (2.20) on the circles C, —I'y and C-~T_,

The proof of this proposition can be organised as follows: first we observe that
equation (2.15) indeed defines an analytic function on §; which is a continuation of §
and which obeys equations (2.11), (2.13a), (2.14), (2.17) on S;; next identity
theorems can be used to guarantee uniqueness of the analytic continuation on S;i;
finally the latter property and the set of arguments which led to equations (2.20) can
be employed to extend the validity of equations (2.20)on C,—-T'yand C_-T_,
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2.4. Asymptotic properties
In connection with equations (2.20) and (A.1), let

! l —v : v
§6)=9(5)—aiin(s —iko) X ((,)(@iko) ™ (s ~iko)
1
—& In(s +iko) Y. (i)(—2iko)"”(s +iko) ™t (2.21)
p=0Q \1

Here £ is of class (A.5) with:

a=0; f=2; Sl=iko; S2=‘—iko,

w=1 n=1I; C, —c,.z—cl( )(21k0)' Y. (vel0,1,2,...,1}).

We want to verify that all the assumptions of theorem 2 of appendix 1 are satisfied.
First we observe that assumption (a ) is satisfied with a = 0 and (b) is satisfied owing to
the fact that proposition 4 extends the validity of equation (2.17¢) to s € S;. Next we
observe that if we set 8 =1 in equation (2.12) we can claim that

y°l

|9(7+iw)|sm(K1+1) forye[l, +®]and w €R.

Then, as a consequence of equation (2.15)

y+1 A .
Sy +iw)<lfer+1+io)+ | LA+ 1tio)]
Y lw "kol
'y ( Ao ) 1
Kir * ’ €0, 1], weR.
| |( 1+1) o 2 k(z)‘ |w2—k(2,[ vel IR

Hence $(s)-> 0 uniformly for |s| = +c0 on the strip {0 <Re(s)= 1}, and assumption (¢)
is satisfied. Now let us study the function £ defined by equation (2.21). It is easy to
show that £ is analytic on the whole half-plane {Re(s)>—1}; hence it is continuous
and admits complex derivatives of all orders there. Requirements () and (e) are thus
met. Then as a consequence of theorem 2 of appendix 1 we have the main asymptotic
result given by the following proposition.

Proposition 5. The unique solution of equations (2.1), (2.9) admits the asymptotic
representation

!
y (&)= —ci exp(iko&)é™ 1=t Z L'((Ili’l)!_!(ziko)t—v(_l):w(,
— & exp(-iko)e ™™ Z Iv((lz+ V))u(—z ko) (—1)"ET +o(¢77),

(2.22a)

for £ >+, where p is any positive parameter and where ¢; is given by equation
(2.19).
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Equation (2.224a) can be written in the equivalent form

4
YO =2lale™™ T D 2k e
Zo viI— )]
xsin[ko& —3(I + v)m +arg(c)~3m]+0( "), forg>+w, (2.22b)

where, applying the binomial rule to equation (2.19) and employing notation (2.16):

1 .. (d)’1+/\0)7(s)

RS ik

= (Ziko)"'l[(—ll— 1)(2iko)‘l[1 +Aof(iko+1)]

Loy=I1=1\ ... . DRP(iko+1)
Ao L (I—R)(ZIk")IR R!O ]

R=1
Results (2.22) exhibit the asymptotic behaviour of y(¢) for £€->+c0. Employing
equation (2.15) we find that they are improved versions of the classical results (2.5),
(2.6a). Moreover, as a consequence of equation (2.8), for the § matrix we have

S, = exp{2i[arg(c:)—3m]} = —c// & (2.24)

(2.23)

2.5. Comments

Now consider the particular case Ao =0, /=0, ko> 0 (physically it corresponds to a
free particle). Then problem (2.1) with condition (2.9) has the solution (Abramowitz
and Stegun 1964, § 10)

y(€)=—~(21 = 1)!!(ko&) i (ko), (2.25)
where

)= (Y ey ==L LY sinz

]l(z)_<22) ]M(Z)—z( zdz) z

After some algebraic manipulations we find that results (2.22), which have been
obtained subject to the assumption Ao>0, actually yield result (2.25) in the limit
Ao= 0", with the error term (of order o(¢7°) with p > 0) actually equal to zero. This
corroborates our results. The presence of the Yukawa potential (A,>>0) affects
the /+1 sinusoidal contributions to the wavefunction (which vanish as £ with
ve{0,1,2,...,1} for £ »+00) by multiplying all the amplitudes by the factor

Bi= '(2ik0)21+1(—ll— 1)_101

where ¢; obeys equation (2.23), and by adding to the arguments of the sine functions
the phase shift arg(c;). Moreover, the presence of the Yukawa potential introduces a
contribution which vanishes for ¢ » +c0 faster than any law £ °(p > 0).

We conclude this section by observing that our treatment can be extended to the
study of the above mentioned additional contribution. For Ao>0 repeating the
analysis of §2.3 to the left of Re(s)=—1 we find that j admits an analytical
continuation on {Re(s)=0}—(I'x uT'.) with branch-points at iko—R, —iKo—R
(Re{0,1,2,...}). Hence the error term in equations (2.22) is of order
exp(—¢)sin(£€ +¢). Of course this contribution does not appear if Ag=0.

’




1706 G Paiano and S L Paveri Fontana
3. The numerical treatment

3.1. The expression of S in terms of $(iko+R) forRe{1,2,...,1+1}

Equations (2.23), (2.24) permit the evaluation of §; provided § and its first / deriva-
tives are known at iko+ 1. Since equations (2.16), (2.17) can be combined recursively
to construct an algorithm for the evaluation of D®§(iko+1) in terms of y(iko+
1), $(iko+2). .. §(iko+ R +1), it is clear that ¢; can be computed as a linear combina-
tion of y(ike+1)... y(iko+!+1). The following diagram sketches the procedure for
the computation of DR§(iko+1)(Re{1,2,...,1}):

J(ko+1) Fiko+2) J(iko+3) . Plko+1+1)
7'(ko+1) 7'(iko+2) ce ¥'Gko+1)

7" (ko+1) o y'Gko+1-1)

f(')(i}co+1)

3.2. Numerical evaluation of §(iko+1)

We want to study equation (2.14) on the half-line {s =t +iko: t €[1, +0)}. After the
change of variables

1
S — iko’

x=%= te[l, +c0),
2 -1
cb(x)=y*(iko+1)[(iko+l) +k§] ,
X X

equations (2.14), (2.135) can be written in the form

ddb(x) L [(1+2iko)x + 17
“ax Ao(x +1) (2ik_ox+1)-l+_1 D(a(x))
£
—(—zm)l—q, x€(0,1] (3.1a)
®(0")=0, (3.15)
a(x)=m, xe(0,1]. (3.1¢)

Since a(x)=x for x =0, this is a typical RODE problem to which considerable
attention has been devoted in the mathematical literature. In particular Feldstein
(1964) has proved that under stuitable conditions Euler’s scheme converges uniformly
to the unique solution of the problem.

In appendix 2 Feldstein’s results are summarised and the customary Euler’s
scheme is described.
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It is easy to show that problem (3.1) meets the requirements of the theorem quoted
in appendix 2 so that Euler’s scheme converges uniformly on [0, 1]. It is a first-order
algorithm (that is, the error is proportional to the step size #). However, if Richardson’s
extrapolation procedure is applied m times the computational scheme becomes of
order h'*™ (Henrici 1962, Feldstein 1964).

The code YUKAL (which has been run on the IBM 370/158 of the CSATA
laboratories, Bari) employs the Euler scheme to evaluate the numerical values of §.
Table 1 exhibits the convergence properties of the scheme. Moreover, the code treats
the numerical values of § atiko+1,...,iko+/+ 1 according to the procedures of § 3.1
and evaluates ¢;, S;, 6.

4, Numerical comparisons

Here we wish to compare our results with the corresponding results that have
appeared in the literature. We have found remarkable agreement between our
numerical estimates and those obtained in an early treatment (Hulthén 1944) in which
a variational principle is employed for the calculation of the phase shift §. For [ =0,
ko=0-8 and: (i) Ag=1'5; (ii) Ao=2.1; Hulthén obtains: (i) §,=0-83708..; (ii)
80=1-27515 . .; and claims that the error ‘probably does not exceed a couple of units
in the fifth decimal’. We find the exact results: (i) §,=0.83708..; (ii) §o=
1.27516. ..

Our results are displayed together with estimates based on the numerical integra-
tion of the Schrédinger equation in tables 2, 3, 4. As a consequence of partial wave

Table 3. Comparison with the numerical integration of Gerjouy and Saxon (1954).
Potential function V = —A[exp(=r/a)}/r; a=1-35x10"" cm; Aa =2:365; ko= ka. The
differential cross section is given in units of az, the total cross section in units of ma>.

Differential cross section Total cross section
ko Angle Our results Gerjouy and OQur results Gerjouy and
Saxon (1954) Saxon (1954)
0 4-083 3.99
0-6630 /2 2:282 2:28 10-09 10-1
o 2:292 2:27
0 4.795 4-58
1.048 m/2 0-7534 0-752 4:540 4.53
T 0-5105 0-531
0 5-140 5.07
1-406 /2 0-3085 0-309 2:645 2:64
T 0-1506 0-151
0 5-255 5-25
1-624 w/2 0-1894 0-190 2-015 2:01
T 0-0796
0 5-312 531
1-816 /2 0:1272 0-127 1-628 1:63

T 0-0482 0-048
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Table 4. Comparison with the numerical integration of Mower (1955). Potential function
V =—Alexp(-r/a)l/r; @ =3ao; Ao=Aa =584; ko=ka =0:72. Here aq is the first Bohr
radius. The differential cross section is given in units of al.

Phase shifts Differential cross section

80 81 52 83 0 7T/2 m

Our results 3.280  0-8844 0-1083 0-0225 2477 0-00370 1-033
Mower (1955) 3:28 0-888 0-110 0-021 241 0-005 1-05

analysis,

g-;: FOF = lﬁzl [exp(2i8;)—1](2/ + 1)Pi(cos 8) i

is the differential cross section, where P; is the Legendre polynomial of degree /.
Finally for the total cross section, one has

o= J g—%dﬂ=1—glm(f(0))

where the so called optical theorem has been used.

5. Conclusions

The Laplace transform as a technique of asymptotic analysis has been applied to a
specific scattering problem to derive a numerical scheme for the computation of the $
matrix.

The authors feel that the main features of the treatment presented here are the
following:

(i) Theorems which connect the asymptotic parameters of the transform with the
asymptotic parameters of the wavefunction in an exact way are exploited in a compu-
tationally convenient form.

(ii) The convergent numerical scheme which is employed permits the evaluation of
the relevant parameters as precisely as desired.
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Appendix 1. Some Abelian asymptotic theorems

In this appendix we summarise—after some minor adjustments—some results from
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Doetsch (1955, in German). Under the assumption that the Laplace transform

#s)=21f1= j exp(~sE)f(€) dé

has a finite abscissa of convergence a and that it has a finite number m of singularities
on the vertical line {Re(s)= a}, we shall connect the asymptotic behaviour of f(s) in
the neighbourhood of the singularities with the asymptotic behaviour of f(¢) for
&> +00,

Suppose that f admits an analytic continuation on {Re(s)=a} with the exception
of the singular points:

s, =a +if)y, ke{l,2,...,m},

where for all k, ), € R; a € R; m is a positive integer; and where a, m are finite. Now
let

fi(s)= éo Cur(s = sk)™,
Fals)=In(s=50) 3 cmls =™, (A1)

Fuls)=tn(s=s50) ¥ cuals =5,

where it is assumed that u is a non-negative integer and where
Vke{l,2,...,m}:Re(Aor)<Re(A1z)...<Re (Am),
Vv, k)e{0,1,2,...,n}x{1,2,...,m}:A42{0,1,2,.. .}.

Moreover, let

F(©=exp(si6) T (ca/T-Au ™,
ka (é) = —exp(skg) 20 Cok (_ 1)V+M- (V +u )!f—v_“_l’
fx (€)= —exp(sif) Z::O (Cor/ T (= A )~ (ln(.f)— F'(=Au ))

T(=Au)

Now consider the asymptotic behaviours

O~ T ful).  forg, (a.2)

)~ Fu(s), fors s, Vke{1,2,...,m}, (A.3)

which are supposed to hold for some je{l, 2, 3}; theorems 1, 2, 3 to be quoted
establish conditions under which (A.2) implies (A.3) or conversely (A.3) implies
(A.2).

The theorems are slightly revised versions of Doetsch (1955, Satz 1, chap. 4, § 2;
Satz 1, chap. 7, § 3; Satz 2, chap. 7, § 2).
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Theorem 1. Let f:[0,+)->R be piecewise continuous. For some je{l,2,3}
suppose that a parameter € > 0 exists such that

£©= 5 fu©+0Cxpla—-)),  for=+e, (a4)

where 1<m <+c. Then f(s)= jo*‘” exp(—s€)f(¢€) d¢ has abscissa of convergence a.
Moreover, the function

§6)=16)- £ /u (A5)

admits an analytic continuation on the strip {& —e <Re(s)=<a} (with no singularities
there).

Conversely we have the following theorem.

Theorem 2. Suppose that:
(a) f: [0, +0)> R is piecewise continuous, and f(s)= jo*°° exp(—s&)f(£) d€ has the
finite abscissa of convergence a;
(b) for w €R, liMy)-+0(3/3w)?f(a +iw)=0,VR e{1,2,.. .};
(c) a parameter B>a exists such that limy, ..e f(y +iw)=0,Vyc[a, 8], uni-
formly;
(d) for some je{l,2,3}, §(s)—defined by equation (A.5)—is continuous on
{Re(s)=a};
(e) The derivatives (3/0w)?g(a +iw) exist for all w € R and for all Re{1,2,...}.
Then

©O= 5 fe@+ole™e™),  forgste (A6)

where p is any positive parameter.

The basic result of theorem 2 can be presented in a different form: requirements (b)
and (c) are omitted, but an analytical continuation for f to the left of the abscissa of
convergence is performed. Indeed for a given ¢ € G, 7) let

Sk(¥)={s e C: 3w <|arg(s — s)| < ¢ and |s — 5| > 0}

Sw= N
kel

e{1,2,.m

)Sk((//)-

Then we have the following theorem.

Theorem 3. Under assumption (a) of theorem 2, suppose that:
(b) a parameter ¢ € (3, ) exists such that f admits an analytical continuation on
S(¢); moreover limyjo+wo f(s)=0 uniformly with respect to arg(s) with se
SW);
(¢) for some je{1,2,3} and for each ke{l,2,...,m}, equation (A.3) holds
uniformly with respect to arg(s —s,) with 0 < |arg(s — si )| < ¢.
Then (A.2) holds.
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On comparing the different forms which the asymptotic results (A.2), (A.3) take in
theorems 1, 2, 3 we observe:

(i) Result (A.6) of theorem 2 provides a sharp estimate of the asymptotic
behaviour of the error e(£)=f(£)— 271 fi (€) whereas theorem 3 provides
limited information on the error’s properties.

(ii) Assumption (d) of theorem 2 is strictly connected to assumption (c) of
theorem 3; hence it is connected to the asymptotic law (A.3). It should be
noted that in (¢) of theorem 3 equation (A.3) is required to hold for |arg(s —
sk )| < ¢ with ¢ >3%m whereas (d) of theorem 2 corresponds to the case ¢ = 3.
However in theorem 2 further requirements are imposed on the ‘error’ £(s).

Appendix 2. The Euler algorithm for a retarded ordinary differential equation

This appendix summarises some pertinent results from Feldstein’s dissertation (1964)
in which the RODE initial value problem is considered:

= ()= (2, yialo) 0=x<1,

(A7)
y(0)=yoeR, O<a(x)<x, Osx<l1.

Here « is an assigned function. Let
h=1/N (N positive integer),
Xn=nh (A.8)
q(n)=[a(x:)/h] r(n)=a(x.)/h—q(n)

where [n] denotes the integer part of n. Then Feldstein’s ‘customary Euler algorithm’
is

zo=y(0) Zn = Yooyt hr(n)fae) (A.9)
fo=F(xn, Yn, 24) (A.10)
yo = y(0) Yn+1 = Yn + hfn. (A.11)

The main result is given in the following theorem (Feldstein 1964, theorem 1.1):

Theorem. Let a € C°([0, 1], R), fe C?([0, 1] X R X R, R) where p is a positive integer.
Moreover, suppose that f obeys the global Lipschitz condition | f(x, y, 2)—f(x, 7, 2)| <
L(ly = 7|+lz =), V(x, y, 2, 7, 2)€ [0, 1] X R*, where 0<L <+co0. Then the RODE
problem (A.7) admits an unique solution y of class C”*'([0, 1], R). Moreover, the
customary Euler algorithm (A.8) to (A.11) converges uniformly to y on [0, 1] for
N -+,

We wish to observe that this result can be easily generalised to the case in which
y, f are complex valued.
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